ITCSC-INC \Wintee School , 2013, cuHk
Jon & ¢ QPuhq\ Gfa‘;\\ Tkeona

\/J\\mt ¢ tlo NLNF\\N\ \QQK\N(LQ/V\ ‘th, Q‘&em(o»\uﬂ.& e-f ‘tLe, O\,O\QOLMN\CA% wabr\\)g o‘f a gfm?\\ onmdh Vit
Combinatovn | \)To?ar—k‘\as 2, gw?r\ns‘mgk\a) .Qigzv\va\w;s ond Q‘.&em;uims Yeveal  wuch ‘\V\{vawd%w oowt
how 1o Pm\-\ﬁw Kl &MP‘V\- This commetion 18 wed  Tn o\e_s‘\gvﬁv\&_ Leme e'f most Qﬁdawt hewnnsties

‘ﬁvr %\"0«.‘)\(\ pa\*‘r\ﬁm\‘m% Y\"o\o\ems FERWIN cxw\‘\cm’ﬁws ™ otrﬁa,wwt afeas ef C»m?utu slenc .

Todm\ﬁ, we  wll 80 't\\fO\A&'A tle basics eT gPde(m\ &ra\?\r\ 't\_o_m\a , P{ova. tle C/km_&y,r)s "\ha%w;,\‘.i\a (L\a‘t‘\hg
“tle Qecomd gj&(,\AVMM to tle &m‘)k .Qx?av\g\m\ L, ond Alemss Seme  Yecant ohw\d?mev»ts \m\a‘ﬁv\&

otler a,‘\&o.v\mlus to g(a\?\r\ ?mﬁﬁw‘m% ?TO‘QLSLW\,S.

Twicoduction

Specval ¢ caph quwa shadies the  velafions  botween  tlo algenvelwes  of a graph and Tt Combinatedal
Propecties . This allws ws fo wse Tdeas from Iear algebra 4y amaly e Combinatmial - prsbloms.
guf?f\\i\m&(\ﬁ this O\?P‘(oa.c\f\ S vary ?MK‘E\A\ , ond 3t can Solue  Combinateial ?fe\o\ems thal  we
ombinatonal  methode ate  Knvwn \Aat.

Mot ef g?u\*ml &To«?l« ‘t\\awa 1S ooout _M_cu_t_zé__g_ﬁa.}\h,; s thw o‘o]ad?s ol we S‘\,\ML\& ‘t‘oo‘w(s

Given o wndireded gf&?‘r\ G{“—(\J,E\ L owe Genader  the &o\SQWh% ratrx  ACE) o—% CT

o—-

| R S
\ O
\

O

2.- l I To
2 (W)

g>1<}4 AC%%{L &

\ o \©O

3 4

Nete that ALK i< Q\ﬁmmztv\c, . Qv § e undiceded .
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C—(“\vu\ the a&jqunwé R x A, wWae Cawn (’/vw\?\;ft Ske .q‘\&mvwc\\\,u,s and n_‘\&szww_ctws-

Recall that o victee X309 3¢ on _gifenvecCor e& A Tﬁ Av= Xx -Ew gome  Scalac A, which
we call the g\\%zv\vb\u, qus\m\dﬁ»\& o tle sﬁgzv\\;u‘cw Y.

Ae v Wil 29loan later, <nee A s 2ol oard Symmetde L Gt has o Qe of V1 orthonsrmal
Qigenve ot Xy, Xy, Xy o with w\'m\)wk\v\é @&wvdwa Ao N, '/\\\,\ , al of tlem oo faal numbag

gmt the Q?&wva\ug Co thal )\2)\}7; >\3>,‘-.>/ >\l\ll' Wo eall 5t tle %;?n,c.ixwm of Ct[

Twn tla &- W&cln- Qoov g 5 ks SPLUCum IS [), 0,0, —7_1 .

As T Wl 'V‘\g R LenvinGe yew ler | o %?Jujwuwv\ Yeverds  pauch N{wma\im abmt  the &m?m
Qowe acaas  tlat  the %\ndwum Plans  an M‘Js\r’rmt ol mcduwdes %w?\a Po»('b\\:\w‘\vx.g, anolysic
s‘f Candom walK , and So\u‘m& \ineac Q%wv'h'lms.

Toch of Tlese amas has o vich [teratwee  ond hous mony o\yyhc«\w\ms o oter afaes.

_\odma wo WAl fuows on &xa‘\)\r\ Pmﬁﬁm\‘-v\&.

Groph  Poctifioning
' <
%\‘0&6\\% %?Qﬂh‘f\g, Rraph \Po«b‘f\ov\‘m& problems osk how to divide the vertices inke two ov wwore ey
Qo as o Vv\‘\v\\m‘\gt oY M\L‘\m‘\%xz, o Cexton e\)"\a.ct\\/q_ ‘g\mcﬁm\ on th \\C,(osg‘m& Qﬂ\gu”-

Given eV, we ou{m () 4 be tl et °‘§ 1d&zs with ome endpent ™ S and  ansther JLM?\VDNt

i \N-S. gcfl\

The {o\kw\n&s ore some  well Studied gm?\,\ ?mﬁﬁon?h& ?fobllvns_'

1) wintmum L "eﬁr\é\ dxC sV tlox VV\‘\Y\‘\W\\\SLS \45(.3)\, in ovdee wowrds , (emove the yvivwum
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Numbec of ehges b discomedt  the Smpl\_
) wosimam  onl - %v\d& on SV that MG (Gl .
() wimmum bisedion ¢ k¢ blal miwieiges K Witk skl
(40 graph 2xpansion Sra S owith sl iul/r that winieages técol/\g\,
(©) minimum  Conductance © fnd S ik Z o dgd S el 4lat minmizas 6] /\Z—Sou&m_
%) Spacsest cul -chk ¢ tlat vn‘m\m‘.%}s kSQSB\/Qﬁl-(\/-SD.

(._(\ ‘M\Aﬂwma ?c\(ﬁt\o‘V\Tngi Poctitien AR %9\,33_,._.,&(-5 anh y\n‘m‘\w\“y. the mexkimum  Conductana .

Exa?t ), ol othec ?{o‘o\aw\s afe  NP- hacd .

Ouse gom\ W Yo Hra food aﬂ)ro»&wﬁm q\&of?tb\w\s Tor thesr Fh(olaw\(, with § covable P.ﬂrfwmma

%\/\ATO\V\C 09¢ bwm tlaw cwt?wt Solm‘\;ms .

Toc Tmpliciy - W Ossume tle Tnput gfq?\,\ ) d—w§u\ar . AL tle Yeswlty Caw  be gsz.ra\iE)u\
to arb‘esfar\a wo:\gw{d\ gm?ks with  Quitable mmk‘\\ciud%ms o tlet wio Wil menbtow  lalec.

Observe that (&) ond (6) e withn o Factor  of I[/2> o fnctw Dﬁ W1 of gach other .

When  the gragh < dcw_&u.kmr L (@) e (8) are axactly o -%M’tw o & of cad other.

Also, ?’ﬁ we can solve (D, tlen e con  Somewhat Solve ().

Thecefore , for GY-(6) | we onlvy GonGidec fha miwimim Condumctani Problow () . avk ¥ vl
be the wan problem that we fowe on. AT tle and L we Wil olse menbion ) awd (7).

Okoy, ot $G):= —\ff)\ be the condwctana of & subeet S, omd (et
s\

0}(&0 TR P br te Cewductuna e—ﬁ the &ro\\a\\-
vslsivl/y Wil sz\a‘m (ator

We wh oo set S e Sparse amk o SN 1§ small.
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We @l oo sot S e Sparse mk f DY 1% small.
J
H??m{\m‘ﬁy\g Cp((—\) R o —Guv\okamevchz\ Prob\.q_w\ ™ theowvetical C/sw\?vd'w Qdhen , omd 1t ot

Vowisws  applicatons Affecent  alans o"§ Covputer  sdence - mckw&m& ‘\ma&g &Q&m@nﬁ"\:\m 0],

C’\WSYM:M\ , C,mvmvﬁ\g detectiom  n Qodial netwoerks . ete .
T Some m\:v\‘\ca,ﬂms, wiL wonld ke T E\\\)\, tlo “&(wwul t\(ucc\n” WAL LImE Mol .

7

Th AWy Lonte, Ha W’??L ‘voc)wvé -%ts ™ tle  winter schools tlom \)‘M\Tv\% wWith volte

The ﬁgt‘)o.c\(o\\ Poctition ng A\&oﬁt\/\m

A Po?u\ar heutis®e  In —gmk‘\g & Qparsz, Al Pmdﬁc& T ot\e ‘&\\M\n& Q,Pu’wm\ ?Mrﬁ'ﬁW7hé a\kgwfthm.

@ Compute the  getomd Q_‘\&o,an,’w\f X sr’{ A (the eRRenvector WYM?MN& T ¥he Seod largest sz,‘\Snv\vo\\uQ

D Sort tla vebes o Hot  xOTxGI2 L2 xt) (where =l Rt aumbec of wriias)

@ et Sy - Syooah o ven)s
gT-\—\,___/n’l) T-& i>n/sy

Retuen  min § $CSY |

Qﬂ)r “WMS
\V)

That's +he o.\goﬁt\,m.
Rt L tlote T8 oan clwest  lineac Hwme a\&ncithm (™ Tarme e’{' newmbo o C 9—\ mguﬁ o WV\\?WJCL tle

Caiond u&wvu‘tw o‘ﬁ the O\d:lo\uzvxc\a ot . Tt T8 known oo the \\Poww‘ method 7, which  wa

\,\nm/t AYg s -h:o\.a,n Co, the whole q\&o(:t\nw\ Con b M?\zmu\h)\ ™M neac linear Bme C]Sui\'u
g,ag;\\a Ls?u:\alka \“«& Yo wse Seme matlemats @l Svrg’t\wvrz (2\&. MATLAR ). This T¢ one  C2asom

tlot thie hewrisBe 3¢ \)o?u\ar.
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Tt this hewrvstic  T¢ populac .
Anothec Crosom  1¢ fhat Tt Pg(‘{\*ﬂv\s very well ™ Variows apP\:cadw‘m ) stcmll\a ™ M«&L segm@nhﬁ‘m
Oond. c;\Ms‘Cuw\é , o~ 1 was considezd o bfmk“ckv»\&k n Rmo\;\q %JZ&W\%“W\.'HW cbowt  ten Yo s afo L)
While Cesaarchers have Qo inttme  plpowt w\ma this a\&oﬂ‘(\nm would wolk well, ™ kot baen an
Opon  preblem bo 2xplan ths ‘(7%0"0“*‘\"A~ We will come back to tlat.

lots see o dumogivation Progcom before wa weve o . (\\tt?‘//ww\u.csz.c,mkk.edL\A.\r\k/‘\‘C\r\7/'?ka\)l.html)

Qvecview

O ur XOD‘\ ¢ o O\m\\A)bsL the P.Q,V@(W\M\UL v& 1\ Svo,c.'b(o»\ \)o\rﬂﬁm‘\“& Q\&o(“\t\,\m , anh e %m\um\\\a
to  wnderstana d\a,o.?&r tle ComnedBon  betwiem .Q,?&Lmva\us RN &(a?\\ Yarﬁﬁm?h&_

Todw&s oQende, :

@ Review o& I™heac A\gz\bm

QO Rasic Spactral  Qroph JVL““?;

W

@ CKQQ&Q('S \Y\L%mqli\?g : \\r\{v(wm\ha, CISC@O Y gmall \‘f o D\f\\\g T-f Y Ay ic cle 1o 7\\.
We will do the fN pwrf ;v menBm TR Tmpetne ™ thesvetical Compuler  clente
@ Reocant d&va&e?mm‘m t\f\(ew&b\ \rﬁ&\\u g,:&omm\w.; :
—  preximum b and An C Weevisan, 20l [11}
T tmall et exponsiow T oy Pmcﬁ‘ﬁw\av\& ond Ay ( Arora, Barak , Steurec 201D U3,
Loa , Oveis Gharow , Trevisaw 200 (4e),  Louis ,%&knvenokrm , Tetall, Vempala 200 [Cﬂﬂ)

— mivimum Gl b ctaine, and >\k C kwok, Law, Lee , Oveie Gharon /TTL\/TSGM L§3>

Waoe  will Sv.st e  the o\\&vﬁ’c\nm anh  Somz  ™bwitons , 1o &‘wm W om Tdea afy Wt vegeacch ¢ Ll
~N
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Mam ek e\C

L\neac A\&c‘of(\

We will  work 't\rxvo\,\g\,\mt WAth  vedtws over  Ceols .

Loineac “moLcL?muv\u_: A et of veckws  Yuxy, - X are Ywac independmt T{ Co ¥ Xyt A Xy = O

Implies ¢ =Cy=.= Cy=0 where  €,¢,, o, cce R 5 otlerwice TLz\a e JM%;M?MML

Nw\.\g?&uz. T The v\.ul\gggu ef% a wmatvx M ¢ ok::ﬁ\uk ok hu\\CPou. (H)?:i % \ MXZOI)] . Its dimenfion

(the mamcmum nwmbes of \'mu,dva mAepindont  vectors Ty V\\A\\SKJMCM>3 X dencted \aa nall (1)

Detetwinant = The daferminaet of an win wmabix M, olewoted by et (M), to dofmek ous °
= S " . s ea
det (W) e Sprle T M1, 6q),

whee, 6:Tn) STn) % o Peemut=tion °J§ e ™wdiws , ank an(.é)ch’l M 6 i 2wn and

o (6) whete Wy b)) = \S;QT’\Q) | T(S and 6QY> 6(:\ )’B \

gner= -l W6 18 eddh T g&“L6)=L-\)
Nobte ot dobt(W T o ok_q,&fu N mulBl vartate ?v\\émwﬁo,\ u’% Tte ewtniel.

Also  detln) cav be wm?w'k‘xu}\, ™ Pol\ﬁnuw\\a\( Ame b\a Gowssan  €limination .

ET&Lv\Vuftws Ok !z,\\&.av\velms - Te Compule o z\\gx,nvmlu_s o’§ A A%, WL ean Solug e ;Lssumfdw Mx=AX.
Noto that M= & (M- Nx=0 & nulguaeM-AD) %0 & det (M-AT) = 0.
Recall thot  dat (M-M) ¢ a otz&ru, n \)o\,\dnmh\,\ o—f A Qasgumm& ntaeg e~§ M ace Cpnstomts),

oanth 4T Yo called dla GLQ(OLC‘:MT&T\\C. X\)o\xﬁnum‘\q\ e‘&‘ M

o tWis

-

wit e tlot tleie are ok wwost n Ystwnet .q_\\gw\/o\.\u\u e*f M.

f\vx\g Cost s—& whie  charactesstic PO\\QWW"M\ i< on e,‘ngthO\uy_, ok o\ma vedsy X ™
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Y\V\,\\S'\)O\,& CM-AD) ¢ an ojgav\vu‘tv (ﬁrasPondu\S AL

The. clatactericc ?o\\ar\ww\ia\\ Con Yoo (/sw\?v\,’csz_& Ta PD\\éY\\ﬁM\\wl Bma -

Note tlot o wmabnx ™ W\ma not  Rave owx% Yool @T&vamkwu

Dfﬂ\c&m“f\%  Hiven two  vasters

x,\ae A S R \Dfodm,’( <X,\a> 1=

The noom 9‘& o Ve X T¢ \\X\\‘-:\\

M

NONE

XYY .

lwo vectws X owd \a oY D\(‘t\mogsmgs T—g <x,\g§ >2O.

A sl R of wdvs ae orthogoal T <x,yd=o Ao any  paic Wy €S,
A et < 6{ vechws oace  _aethonormal T-& "\TLQ,\A, o D\"\T\r\,o&m\ ond Nzl Y xeC.

A <t ¢ o vectwe  Ts Calek o basn of o vedwe cpace VO thay ofe \Whaad
\\AM\DWY ek

WYy vedsy ™ VUV o e weitten o o 1heer  Canabinain o&“
the vabers ™ S

DbSQ(VL tlat O.V\\a et 6*%

n 0\(1\@&%&\ vectorg 'ﬁv\rw\ o basic , and ana boasy S

Can be Converted ™o o ovthonorwmal  basis Q"ZX the  Grom - Schmidt PTD@SQ)

Spedral theorem for (sal

Q\dmwﬁ( molyix et ™M b an n¥n  tveal Lyt otk
Thaon ) o

T¢  own  prthonormal

DasgT¢ e’\t exgavnvecteC ﬁ M, ondl

) o\l elenvalues are  Ceal .

Tt s (&Boc}\ % know the waf , buwb it 1 onot gsental to undarstand tle  noxeria)l 'ETJLUNIS.

LW, we will skip wha \woaly, ord the ™Teresteh readec com

ool tle wnotes ™ Eb_l

Mu\hg\\u% The ecivol tleorem oM S thal tlo charastenstc Po\\av\m‘m\ D‘§ M can e ucitten as
—a ( >\—->\T\ luLnA(o, >\‘

oo (‘Q_A\ ‘A.\AM\\J}F& -
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- ~ - - Sy s ] VvV o~ ~— vy v — N R s At

Tt e ‘,)bsﬁ‘o\n_ tlat Qowa velues a??ur mce tlan ona .

1{' Lome sﬁ&u\m\u Oppases o owmes | then  we Sw«g I N Mﬁ@)@,‘cba_\(.
Tle Nwm?\‘d\‘g B’f AN 296\«9.\ o tle  dimension o% V\m\\sP@mLV\—XT_B.

o = Sum o‘ﬁ -Et&uwo.\uu

n
Tor o wotix M, the Now of M, doasted \”‘6 tace (W) , 16 defined  as S MO el 4le

Swum e—% o\‘\o\&m\ enthes e—-f M .

n
_FO&Lt Lﬂt >\\)X7—/~-'1 )\V\ be the "Q—T&E\'\VW\\M—& e—f M. Then -b(o‘-u'('HB = '\‘S—__\ >\\
Ewoa& Congidec  AetM-AT) = CA-NDOEAD O AW .
n-t Sh i
The Cocfficient of ) NS T S
M) MG L -MGsn)
On tle otler hand . def (AL-M) = det M) ASMERY L MG
Mn, ) ~Mn,n) o A= Mlnn)

B\A tle defnition a—& the determnant | the uma.—ﬁltdent o-f N w\\,\a Lvnes _%{M Pl teem
(=10, (A= MG - (=mlnm) | Whide e 2geal 1o “\E\M“f\)_

n n
Co, Hoaw (W) = 2 MU = - coddfsaat of N7 det (AT-M) = 3T

\

!

Rasic Q\‘)e.am\ C:rm‘pk T\\tm,\“

B\g e %?edm\ tlowem ‘ﬁ( eal Q\Amwbk(, waodvtx 5, thae a.o\\‘)amcé_ metyix A o*§ on  wnditected g\‘o\vk
hos IV veal {i&zvxvo.\\u.s 2™y 22 KA L oWtk wru?m\:}c\v\& ejg&kuhﬂ Xio¥ys oo s Xn wWhich
fwm ow  orthonoenal  basic 9’§ rR"

Q\NQ_ wAll Caserve A, ,...,>\h o bo the -Z\\gvuVD\\\M_S s—& the LA?\Q.C\\GV\ oty o o rivednetd Lafer >
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Tt &envk o WV\?V\,"TQ_ +le o,\&ev\\mluu. e"f oL %MPlQ KYD\?\KQ, but  we 0\,&'\'17 hove Bwa ...

Exacaiee ) Whet  T< the 9?-6(35(\4/?“ o’f tle va\?\xko, ng\r\ with o vecticeg 1‘,

({\V\S on-1 Uﬁ W\\AH,\"P“CT% P -1 O’& N\wlﬁ?\\\c\l‘(‘é n- | .3

Txercise 2 wlet T tle Specheum  of the czm\\;\m ‘o‘\?ar’n‘\rq K\'a?\\ with w vertins  on one Slde
ard N veBel en the otloc svde ¥

(Ane: Joam of Mu\ﬁp\mh(\ 1 0 of mulRplGy  wm ~Jrm of it pliaty ’L.>

o S'\‘\Lo\-\% Ha ﬁ&m\/mkus of e o\pkscw,m,\a oty , s etact ‘Ecam “he two  axtvemec .

Rewall thal we assume  +the Rraph T ok—\’a&ukg,r-

-
T T< o_,oda 4o chack T Bl allmone veadtsy bl T¢ onm 2env e (o e-{ A wih s&g-u\vodwu o\,

be causs (P\T\JQT) = NS'

\\C—NG)

Au,j) :E‘\Jml = A for oall lgisw.

Tg tloce o lowger g?ngvalu than A 2

ot x be OJ‘\A &'Cgm\va.t'hN' . let ¥ e an Jz,vx'b(a. wWith  meaximwm  yoeduwa , Tee %) 2 Xy 9 3
) = > < = 3 = X (3 —
Than (AW ey Y Toway XY = A %)

go,o‘v\g .?j&z_vwo\\\u. o—% B T¢ of maT o

What 15 the mulbphat, of & 3

Look ot (%) 7& @GOG = d- %), tlen e mmwnha rwst be B L o v X =x)
fx al e NG .

Now , W +la geph s Ceenadteh L wa tan Cepeat it axgument o fov e 2uary .zv\'br\a of X

to be tle Qame.
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QOJ \l—g G( i¢ O\—(ngkc‘,(' onde Cowneted ;| tlen the ow\\\& _Q_T&ev\vc,d.\w& with Q?&awva\w AN ove tle
Uenstawt  Vackor <, awd thms  tle _Q,'\‘&SLV\\IQ\\M. [¥S eﬁ mulﬁp\}c‘m/& oNL .

X
On Tl gther  Nond \\‘% G( 2 Alsconnected ,  Thlaw A:X O , Hlonw thae  vettss 1 -]]X owd

Y\ O 0
\DXE ate both @i Kav\vuws withh aﬁ&ev\\/o\\w_ A Uwe H““és OnCe \'\nm‘—\xa \\\d\a_\mwokmt‘ .
Y

tle v\\,\\\s\)mL A—OLT_\ NS o»& Amngon  af least two L o thaa NI 0’& YV\\«&‘R?WCT'ha Ywo.

T e a Q\A.NVV\D.‘(\% o’{- Wl we have  dieusced .

Tact (Convxectdu\css\ et & be o obm&viar %m@\ arnh W Zx, 2. 2 Re be tle

L‘g@,vxvo\\vu.s e—& s M“\\M“cv(\ waetrix - Thew O R, S AL

D X =0, T—K and W\\& \\'% G ¢ disconmected.

This T tha S?uirm\ CM(&CW‘\%&HW\ O’& cCrmmnedbidness . We Con S&a oo Wit vwove .

Exercise ( numbec of crnmected cowmponents ) Lt & be o d-regular graph -

Than Ay =d \r% Ond m\ha t{ & has at bt k& tennectad Urmporanty .

0‘1&\3, lels  conavdee  tlo other awd 6% tle g?ufwum.
How smal Cam  0on eigewolur  be 2 H&m« ve ossumz  the (&(o\?\'\ TS ok-ﬂguLod‘ .

Adrwa\\\a, almott tle Sawme c\rgmvv\e,n’c as obove can onswee tle Ckmlfhw\

et x bo an »Q;\&K.V\\H/CW olet v be an _o.v\‘&wr\a wih  mmaximum  absolwte  valur , without losg o’§

enaraly wi neswuwe  XOID=1 . be camse X)) =)
Renerelity v
~ — S PR X = 3 - = -

T\\Muﬁwm, the  <waellest LTge,nVaLM Teook et -Ah-
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wlew - 3 oawn 2eny ale 2

Then  the ‘mo.awg,m\a wmust  ochieve o Wkr_h?\' Thae maang £t XL‘A)‘——\ Lo all 361\\(?>.

Biﬁ the Sowme ac&umaw’v, all waghloocs of JENQ mwst have  velue *1, and o on.

1{; G X temeded , Hen all e V\a_‘\&\\bwL et & verbix T wWith  XG)EH o wust have vabe T1,
andk Vit vecse., Thig Trapli e Hat & ¢ a \O‘\'?o\rﬁ'm ng\r\.

gu\mmﬁg‘m& tle above diswssion . we haue ble —fo\kwh\g —gc\.(,t.

Toct ( B\?Q(‘ﬁﬁ'\assy Lt G( be o OK—W.Ser &m?\«-

Then >\n:—d T—{ and m\\\a T-& G( has o C/SW\?M\&WT which ¢ o \a‘\?m-‘ﬁm gfm?\«\.
This Ts +le S?ad‘m\ Q,\\o\rou,‘cu‘\&aﬁm 9& b‘\PM’cﬁu\ug.

%Z—'fvrq, we move on, lat  we ke thix o?'\)m‘bnv\\’ma Yo ™Wodwe oflec C/smmmla weeh st b

- o\,‘\m\\‘m\ oka&(% ety D) wlaece OGN = d&_&c\)_
L
~ Pp— > 2
- V\NN\MTS}J\ Q,a{\lo\_(.e,wb\(/\] WA X b kgA/ = DAL Ay 2\\&%\/“[“1__‘ ace  bebwien <\ owmd + 1.
N
— Lopladan maix 3 L= D-R nLed o thwwk.. .
_L - J
—_ Y\o(‘m\?}oul \_,oq\Dqum\ X Eﬁ = D YLD > 1-—&4( A -Q.‘\&z,vx\fov\us afe netween O and Y.

1{ SRS d\;—(‘zglakaf , tlese wagncee OWe Q,Ssqwt\\w\\\a tle Qwme =

N

wief A & ok &© -3 £ e d-w oof L

Tov &o,vxua\ gror\)%s . C“wm\?&d\) L_O\?\M.‘\qvx Wt ey At e o{tu\ weed {w tle reasom
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The mwoim teol tn Qwv\n,dﬁ"\-& Q,\\&_q,v\\m\ug o ej&cv\vzd’NS o

b’\)‘\ﬁw\\&aﬁ\m ’\)Fo\o\nm e the Qma)\ﬁg)" Q\/Uuoﬁant )
Whick s M@m as R&):= me_rx - FJ LIS :m)xcs)
XX S X))
T

let M he a Yl SYMMeARC mmatex  wWith Lgeny Ak MEAS.L A, with Cﬁ“{n.s?m\d&l\a & thonovmal ,QRS{V\VUWS

Xy, Xy s e 5 X

Clan >\‘ = wn X_YMX .
* 2Ty

n
Quoﬁ Ll ye R . We can wite  ¥= CX(ACX %o+ CuXpy, &S X

i forem & boasic.

-
Then X"Mx = (Ot cpxn) M (Xt ot €ovn)

it

-
Coxyt s % CnxXn) (AN H oo & GalXn ) Ge X: 3¢ anm 2igenie Ew wWith 93 genvalie A3

sl

cTN =+ X4+ G Nn S <KX 720 for 5y awd <Gu> 2 R

N q
Q\W\\kar\,\% , X—‘X - (C\xl-y\..-\- C_V\Vh) LQ\%I-—\-...‘-\- (‘_\,\3(“3 = C\L-E o C:—<
2 RS N
90/ XTMX - Q:‘X\"c.-\ + Cnhn < M Lc\i- wACL ) = /\‘ N
xTx etk O erd..iCy
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Let Ty ba the st of veclws that are ovthogonal o %y, %, 0, Xt

.
Clow Mg = ™in X MX

rook Lt e Ve - Wate ¥z X e ¥ Cpdn

Observi that €1 =<, %D+ S xeTlg, G220 20 =D

(A

Them _—_XTMX - = Q.‘L>\k >\K-
>
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\ T
QD\A(MV\I - -F'TSQLM“ T\Wavy em >\\’\ = g\c“;} \moocg w!' M¥
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Am(H=k ¥Ix
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z
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<
. X MY
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EQ,{V(L tlat , lets cee \,u\\\a we  pe efec Lap\kc‘\om woatnces  Bver M\AO\W\O\G Ao RS .

Thare axe ok lasgt two Casseng

I =
@ Lo~ omvé& &ro\?k (not m\\a d\—-\(‘q_&v\,\p\(‘ Xfm?\n) , e all-one yocksr 1 TS ow z’i&:,v\vutw ef L vtk

— ek T "r\'\W\‘k...

RV AlwL 0 (+rhe gralat e,‘\icv\\la\.l,\u\, e-% L} .

<

— - o XX N N N\

han , Ay = :\LT = - Qo we know  we ofe kwk‘mg ‘§v~f AT 300 OVer all vedtvg X with 2xG)=o.
A\ < s . T - . O\

@ v 'Y ko o \/u\a e Wm‘hc —ﬁvwm Xl = E— . qu)—xt\\)\ )

\\\(-_-

Thate v a &\')bd o to see 0, a\[t\r\o\h&k Wou can ok‘\(ut\/\a chack Y.
)

et !2:—\\1 be awn edge et Lo :lli * "\l be  the Lo\.?\af,‘m\r\ 0-% an :LA&SL.
J

= A = u = T = S V) =G =
Than L E;E Le . Then x Lx X (}EeELQX -Q._SG—'E % Lo X ee =G xcd)) R

Cheegecs  Tnoguality
L 0=X, ¢ Np € £ A0 €Y be tle 23genvalurs o} the  nermalized LO\?\OLC\\GM ety L

Ky A
Recall that ™ d\—ra&mf %TQ?\,\_S SN TR and P \-Tt

‘E\J)\ tle Lock 0‘& Covinecl adrats | A=Ay o T—E tle R‘”'?]" ¢ oA Connedied. .
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%\/A tle 'Ewt 0‘& Covinecl adrags ) )\\’-‘- )\)T—O T-g tle %‘(&VL\ ¢ ()k?((/\ﬂr\hutl.)\
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”
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= Ay i lasge = tha &m?\\ ¥ {w ﬁfow\ bﬁng Axcomnecteh  Toa. Hlate TS no sparse tul
LO{ tha &mF\a T on “D?MJJXU) .

. . _ R
CKQQQ“Q(S \NQ! L . J):xl < 4)(6‘.5 < S)—>\1 , whece >\), ¢ 4le Cotende -QRS%V\VQ\M @Ag i

'

The %(st m%wnta T caled o ‘\ms\a/ Aadtmm L5 ok The Qe tewd “‘“’6“““‘“3 T called ta Mhad” divedion.

o, r\o»mrmll«a we  Prove  the 2o e dom -Q\\nst.

2
iy Zee XO-xq)
17T NASY, x11 I VAT x171 C}\S;ev XU)l

Recall Xy = MM ' &£ x - win ARER' _

o wypRe Houmde )\\_, we 3uust weed 4o %\d o vecher X_\.T and CNYV\\DW‘\?Q_ st Rowés\ﬁ&\\ %woﬁmt.

To &af oL ™hiwvhi™ |\t Smg QL(‘(}t C(D(SB awd  Ig\= h/)_ .

We  tewader  {\o *\:;Wr\a 7 golwtnm Xesy = oy 1eS -
-\ T—§ V& ¢
Stmee 1Sls nfy T?\,XGB =0 , and tHos w1 7T.
AT, xGY LNV Algl

t i e
_FCN' %OY\MW\ g, we  eawevde,  thee be\a Colution * XQY = A<\ ”§ vEeS

T L A

W-gl
2 S Doxy) o] (s e v
T\\QV\ XLl , andl >\)_ ii\‘TtE QXC\)-—\L(—‘\’) - \ (,SB\~ LT tu=s - \%L&)\ . \\/\ < l¢c&>
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This proves tle 2oy At action .
To gumw\o.r‘\v., T-Q Llorse VL On Tparce o, tlen k). e ewall .

A C/swsassumu. e xlat T—f >\> < \Qr&l_ o otlen we knoww  that C‘{ hkat no QPMS& .

T™he Harth Dice®m @ Tubation

X
N S Ny
T the  mimoizolim \3“\01%\ WA AR (@) \LL@
¥l d 2 xQ)
Tev

T-( wae  Can 5\«\\3 Qearsch fw “bmmd 7 colwBons ,
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To g_et Come ‘F&\N&, Supprie  We afe &\Vu\ o &m?\\ Wi @ @

Obsewe tlat tla O\P‘{\MTS,M ™M ™ s e +lo avmrm&m (ic?\~xc\\))f~/(xq§* XC:))L) .
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The V_Q\A_ QJY C_\Mm.%u}s '\\nO_OGAmLT'\-\a ot dhew Mt Ay Cannet b mudh ewaler tlen ({)CC—(B
T other words, TF Ay @ Srall , then we can 2xWat & Qemawhed Sparte Cmt B tle &t&.&thLdﬁY.

We can think 9{- vhe  Optimiyec “awmbads tha &m?k ™Mo o lme , While moct u\&u are  Shwt.

1 ' 1 | 1 ] 1 1
1 3
N S A )
O‘,D—‘bﬁ 'D_"' ]
v | | I l )

Then W Showld be +le coaur Yot Some  thrasheld %\\VQ,S a SPD\(SQ enl .

The Hardh Dicecim * Proof

The LRt STep W A preprocess tle  Souswd Agenvedter  So tlat ok pweet ko.\f The awhi are homzeco.

TS would %Mrmv»?u 1ot tlo eu‘t?vx’t et S geRsfine IS\ € i/~

Thig Q‘hb\) IS SMy\L_ Withoat  \ecs cr& &-Ghmt\% WL ossume.  blere are —gmwu Pos‘\wo, ewtizy ™ X
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O \'ﬁ xXGo<o
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1274

; . X (3
—-MOE’ (60‘\3303 - %G\/}E\ru)%%} s XAy - ENGD ”5\3\2 = (G = A xA) 9T Wk Qo> 0.

2 2
T - ) - 3 < S XX = 3T \ S
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=
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2
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)

1
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N
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Tlobe, ELISGH!) < \“
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This s tlat Tl \gﬁgt\\ - \Sm%) -d\.\st\}

Henee , tlere cxwix ¢

sweh tlat LSl jlku@
A= 1<) 0
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Disaussions

Y
@ Tov &em@m\ Wof\&kTaA gfc\?\\s L tle fawme  vesulb  holds (\LS‘H\& d{ =71 - D—%[Xbl onA, ?u)t_léﬁL );
S.g olxg(v)

Je
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@ C\\&Q.&Q,rls Thd%us\u-\sa T ﬁ&k’t on both STdes |, e tlece are &fn?\m& ‘%w which  +la Nxﬂ%iwl?ha aclhawes O
2.
Qagk.n.k"\’(\%. Nouw can check Fhat T-E G ¢ o c,\&d& 0—% n Vverfas, tlen c()((—_r) = i but

\

M = 0GR .

A
@ Cku&z(/g ’h\sz%/mh\-\?s X:vu an OL\\‘XJ- a“}(ox?ma:\w\m a\&w‘\ﬂm '%w c;sw\?vm\\g @L(T) whom N \O\{&l 5
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@) Te cewn Sgenalue Vs Very clowly kel b the Gonecgea Yabe of o Yandem  walk:

the cowsgence oo s Tosx ™ oonk s»\\ué v A 3¢ boundeh Ausomy -\:(uw\ N

I many applicatns ., we  world Uk o ghow that tle  Cometgene rate Yoo fmst L sk then
we  would  have an efficient a\&u«thm ™ de & umiform So\mP\na b\é tha Mackey chan
Mote Caclo methed . TT T very Aot to lower bownd Xy davedtly o as Hhos qraghs
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Provdes & waw v do X, \ovzX lower \Dvwwk‘mg OCG) . IL o alse net so Uk\a to
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wseful ™ clwosT avwv(\ branch oﬁ theoretical C/m\?mtu Ahen {{owx provkzg lower  bound
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C/‘(o&%\\\& L avd €. L&\Kp.s wihn are  counted twice  awad uigu &o\m& wmt $ are Cowntad mu}
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